Every infinite locally finite graph with exactly one I-factor is at most 2-connected is shown. More generally a tower bound for the number of \·factors in locally finite n-connected graphs is given.
INTRODUCTION
Kotzig has shown in [8] that every factorizable 2-edge-connected finite graph has at least two I-factors. This result does not extend to infinite graph: there are 2-edge-eonnected infinite locally finite graphs with exactly one 1-factor (see Example 3.2). However, the following theorem holds:
Every locally finite graph with exactly one 1 :factor is at most 2-connected. (Theorem 3.3), and then at most 2-edge-connected since the n-eonnectivity is a strengthening of the n-edge-connectivity.
Kotzig's theorem is actually a first step in the study of the number f(G) of l-faetors of a finite graph G. Other contributions are due to Beineke and Plummer [1] (f(G) ~ n if G is n-conneeted) and Zaks [14] (I(G) ~ nl! I if G is n-conneeted). Lovasz [9] improved Zaks' theorem in eertain cases. Mader [11] has given an exact lower bound depending on the minimal degree. Previously M. Hall [7] has given such abound in the special ease of bipartite graphs (f(G) ~ n! if Gis abipartite graph with minimal degree n).
Other results presented in this note estimate the number of I-factors of locally finite infinite graphs:
For all n there are n-connected locally finite infinite graphs with a finite number of I-Jactors.
A lactorizable locally finite n-connected graph has at least n!!/2 Ijactors if n is even, and at least in!! Ijactors if n is odd.
This last theorem is improved in certain cases. A new proof of Zaks' theorem is given.
NOTATIONS AND TERMINOLOGY
Graphs considered in this article are undirected without loops or multiple edges.
Let G = (V, E) be a graph. A Ijactor, or perfect matching, of Gis a set of pairwise disjoint edges of G containing all vertices [2 J. We say that G is factorizable if it contains at least one I-factor, and uniquely lactorizable if it contains exact1y one I-factor.
A finite graph is said to be I-factor critical if by deleting any vertex one obtains a factorizable graph. A I-factor critical graph has c1early an odd number of vertices.
We denote by Cl (G) the number of connected components with odd cardinalities of G, and by Ccr(G) the number of connected components of G which are I-factor critical.
Given S ~ V, we denote by G[S] the subgraph of G induced by S. If no confusion results we abbreviate C1(G[SJ) and Ccr(GISJ) to C1(S) and Ccr(S), respectively.
A graph is locally finite if every vertex is incident to finitely many edges. A locally finite graph is said to be bicritical if it is factorizable and if by deleting any two (distinct) vertices one obtains a factorizable graph. Clearly every edge of a bicritical graph G belongs to some l-factor of G. Therefore G' has exactly one I-factor F ' and F' r:; F. Because of the odd cardinalities of the C;'s, there is no edge of F joining two vertices of S. Therefore we can assurne that two vertices of S are adjacent in G', without forming another I-factor of G'.
LOCALLY FINITE GRAPHS WITH EXACTLY
Since G' is finite, by (A) there is an edge {x, y} of F' which is an isthmus containing x is necessarily an infinite alternating path P x issued from x.
Clearly P x has no other vertex in X than x. Similarly G[V\{y}] has a 1-factor L y and the connected component of (V, L y U F) containing y is an \ FrGURE I infinite alternating path P y issued from y. The only vertex of P y contained in Y is y. It follows that P x U P y is an infinite elementary F-alternating path without end. This contradicts the uniqueness of the I-factor F. Therefore (I) holds, achieving the proof of Proposition 3.1. EXAMPLE 3.2. The locally finite graph depicted in Fig. 1 is 2-edgeconnected and has exactly one I-factor.
THEOREM 3.3. Every locally finite graph with exactly one I-factor is at most 2-connected.
Our proof uses a strengthening of the I-factor theorem proved in [3] . In the finite case, this result seems to be weIl known. However, we have been unable to find an explicit reference in the literature. Papers [4, 6] can be given as implicit references.
Proo! Let G = (V, E) be a 3-connected infinite locally finite graph.
Assurne that G has exact1y one I-factor F. Let e = {x,y} be an edge of F, and let G' denote the subgraph (V,E\{e}). G' is not factorizable, and hence by (C) there exists a finite sub set T of V such that Since G is 3-connected and uniquely factorizable, by [7] , H has at least two I-factors. Now each of them can be enlarged into a I-factor of G[CIU .. · UCpU{lp ... ,l p }], since the C/s are I-factor critical, and hence into a I-factor of G. It follows that G has more than one I-factor, contradicting our assumption. is adjaeent to at least two vertices of T. The proof is aehieved as above. Proo! We first construct a finite graph G" as folIows: The graph GI is composed of two vertices joined by an edge (i.e., GI == K 2 ). Suppose Gi has been constructed. Let Gi and Gi' betwo disjoint suspensions of Gi obtained by joining two vertices vi and vI' to all vertices of two disjoint copies of Gi' The graph GI + I is obtained by joining GI and GI' by the edge {v;, v I' }.
As is easily seen G 11 is a uniquely factorizable finite graph with minimal degree n.
Let G = (V, E) be a locally finite 2-connected graph with exactly one 1-factor F (Example 3.2). If x is a vertex of G with degree k ~ n -I, let y E V such that {x,y} EE\F. By joining x to every vertices of G~_k_1 and y to every vertices of GZ-k -p we obtain a locally finite graph in which x is of degree at least n. Since G and G n are factorizable, the constructed graph is also factorizable. One can easily prove that this graph has no more than one I-factor.
NUMBER OF I-FACTORS OF n-CONNECTED LOCALLY FINITE GRAPHS
First we give examples of n-connected locally finite infinite factorizable graphs with a finite number of I-factors. The following result extends Theorem 3.3, and is related to a theorem of Lovasz. Proo! Let G (V, E) be a factorizable locally finite n-connected and not bicritical graph. Since Gis factorizable we have Ccr(V\S) < ISI for all finite subsets S of V.
Since G is not bicritical there is, by Theorem (C), a finite subset S of V such that C cr( V\S) ~ I S I -1. Case 1. There is a finite nonempty subset S of V such that
Ccr(V\S) = ISI·
Since S separates G and since G is n-connected, we have I S I ~ n. Let C 1"'" C p (p = I S I) be the I-factor critical connected components of G [ V\S] . Consider the bipartite graph H on vertex set {C I'"'' C p} U S with an edge {Ci' s} (s ES) if and only if Ci is adjacent to s in G. Since G is n-connected, the degree of each Ci in His at least n. By a theorem of M. Hall [7] , H has at least n! I-factors. Since the C;'s are I-factor critical every I-factor of H can be enlarged into a I-factor of G [C I U ... U C pU S], and hence into a 1-factor of G. Therefore G has at least n! !-factors.
Case 2. There is a finite nonempty subset S of V such that Ccr(V\S) = ISI-1. As above ISI ~ n. Let F be a I-factor of G. There is exactly one vertex s of S wh ich is not joined by F to a I-factor critical component of G [ V\S]. Let C 1"'" C P (p = I S I -1) denote the I-factor critical components of G [V\S] . One can prove as above that G!C1U .. · UCpUS\jSI] has at least (n-l)! I-factors.lt follows that G has at least (n -I)! I-factors. Therefore we have J(n) ~ n· (n -2) .. ·4.1, if n is even, and we have
Remark 4.5. Our proof of Theorem 4.4 is an extension to infinite graphs of a lemma due to Zaks [14] .
Remark 4.6. In order to prove that every n-connected factorizable finite graph has at least n!! I-factors, Zaks needed to prove that in every nconnected factorizable finite graph there is a vertex v such that at least n edges incident to v belong to some I-factor. This proof is long. One can easily prove Zaks' theorem by some slight modificatons of the proof of Theorem 4.3.
Let G = (V, E) be a finite n-connected factorizable graph. every edge incident to s belongs to some I-factor of G. Since G is nconnected there are at least n edges incident to s. Hence, by induction, since G [V\e] is (n -2 )-connected for each edge e, G has at least n . (2) Using Theorem (A), one can easily construct every finite graph with exactly one I-factor. Is there any construction of every locally finite 2-connected graph with exactiy one I-factor? (3) An infinite locally finite bicrital graph seems to have an infinite number of I-factors. It would be useful to prove this property.
